A computational method for flutter prediction of turbomachinery cascades is presented. The flow through multiple blade passages is calculated using a time-domain approach with coupled aerodynamic and structural models. The unsteady Euler/NavierStokes equations are solved in quasi-3D using a second-order implicit scheme with dual time-stepping and a multigrid method. A structural model for the blades with bending and torsion degrees of freedom is integrated in time together with the flow field. Information between structural and aerodynamic models is exchanged until convergence in each real-time step. The computations are performed on parallel computers, with each CPU performing the computation of one blade passage. Results for a compressor cascade operating under transonic conditions are presented. It is shown that this test case exhibits strong non-linear phenomena. In a certain range of blade mass ratios, the flow in each second blade passage is choked. In that situation, neighboring blades oscillate about different average deflections. The phenomenon is found in inviscid flow as well as in viscous flow.
Introduction
In conventional flutter calculations the aerodynamic behavior and the structural behavior are treated in an uncoupled way. Usually, a cascade is assumed to be tuned. All blades oscillate with the same frequency and a constant inter-blade phase angle (IBP A). The flow around blades oscillating in this specified way is solved, and the Energy Method is used to determine if the aerodynamic forces damp or amplify the blade motion. In this approach, frequency, amplitude and IBP A are fixed parameters that are not affected by interaction between the fluid flow and the structural behavior.
However, aeroelastic interaction can have important influence and cause non-linear phenomena that cannot be accounted for with an uncoupled method. In addition, due to a fixed IBP A in the uncoupled approach, many calculations have to be performed in order to investigate the possibility of flutter at a given frequency and amplitude. On the other hand, a single calculation with a coupled approach may simulate conditions with a number of different IBP As, only restricted by the number of blades used in the calculation. The computation will naturally pick up the most unstable solution.
Sisto et al.
1, 2 applied a coupled method to study stall flutter in a linear cascade. These authors used a In a recent work, Carstens and Belz 6 discovered significant non-linear effects with a transonic compressor cascade. They performed numerical investigations by solving the Euler equations in the time domain coupled with a structural model. The blades were oscillating in a torsional mode. At transonic flow conditions, the cascade was found to develop a flow pattern with choked flow and an oscillating shock in each odd numbered passage, and purely subsonic flow in each even numbered passage.
Ji and Liu
7 developed a Navier-Stokes code to calculate quasi-three-dimensional unsteady flows around multiple oscillating turbine blades. A time accurate multigrid method is used applying the pseudo-time approach by Jameson. 8 The code was made parallel by using the Message Passing Interface MPI so that multiple passages can be calculated without the use of phase-shifted periodic boundary conditions for blade flutter problems. Therefore, the blade motion does not have to be periodic, neither spatially nor tempo-rally. Taking advantage of this property, the present authors used this code to study flutter of blades mistuned either in frequency or phase in an uncoupled approach. 9 In order to perform fully coupled computations, the present authors further included a structural model to account for fluid-structure interactions. 10 An integrated method is used, which solves the Navier-Stokes and structural equations simultaneously in each realtime step. The elastic behavior of a blade is modeled with a linear spring for the bending motion and a torsional spring for the rotational degree of freedom. A comparison between the uncoupled and the coupled method was made.
10 A non-linear effect, similar to that discovered by Carstens and Belz, was shown to appear also in an unstaggered NACA0006 cascade with coupled bending and torsion in Euler calculations. The present paper focuses on a more detailed study of this type of non-linearity in transonic flow. Computations are also extended to include the NavierStokes equations and are compared with solutions by the Euler equations.
Parallel Multi-Passage Navier-Stokes Solver
A quasi-three-dimensional finite volume method is used to calculate the flow through a cascade. For a two-dimensional control Volume V with moving boundary ∂V the Favre-averaged Navier-Stokes equations can be written as follows:
where the vector w contains the conservative flow variables. The vectors f , f µ , g, g µ are the Euler fluxes and viscous fluxes in the x-and y-directions, respectively. The method is quasi-three-dimensional in the sense that the streamtube thickness ratio θ(x) is introduced to account for a variation of the streamtube thickness in flow direction. The source term S is due to the variation of θ in x-direction.
A second order accurate finite-volume scheme is used for spatial discretization. Equation (1) can then be written in semi-discrete form:
where R is the vector of residuals, consisting of the spatially discretized flux balance of Equation (1) . Time accuracy is achieved by using a second order implicit time-discretization scheme which is recast into a pseudo-time formulation, as proposed by Jameson:
For efficiency the flow in each blade passage of the cascade is calculated on its own processor. The Message Passing Interface (MPI) is used to exchange boundary information between adjacent blade passages. A detailed description of the method can be found in References 7 and 9.
Structural Model
The structural behavior of a rigid blade profile with two degrees of freedom is governed by two coupled ODE's:
where h and α are the translational and rotational displacements, L and M ea are the aerodynamic force component in direction of the displacement and the aerodynamic moment about the elastic axis, K h and K α are the bending and torsional spring stiffnesses, S α = mbx α is the static unbalance of the profile, which provides the coupling between the plunging and pitching degrees of freedom, I α = mb 2 r α 2 is the area moment of inertia of the profile about the elastic axis, and m is the mass per unit span. The translational displacement h is non-dimensionalized with the semichord b. The pitching and plunging stiffnesses are modeled as stiffnesses of linear springs attached at the elastic axis. Time is non-dimensionalized with the eigenfrequency of the pitching mode, i.e. τ = ω α t.
In terms of these dimensionless quantities, the equations of motion for the aeroelastic systems are:
where C l and C m are the lift coefficient and the moment coefficient about the elastic axis, and k c = ω α c/2U ∞ is the reduced frequency. We rewrite the above equations in the more familiar form
where
are the non-dimensional mass and stiffness matrices, and
are the load and displacement vectors. In order to solve Eq.(6), a Rayleigh-Ritz modal approach may be used. The mode shapes and frequencies are obtained by solving the generalized eigenproblem associated with the free vibration problem. In general, only the first N modes are considered. With the first N modes we have an approximate description of the displacement vector of the system given by
where φ r is the r-th eigenvector of the generalized eigenproblem, and η r is the corresponding normal coordinate. This truncated representation yields a valid model if the modal frequencies of the ignored mode shapes are much higher than the values of the aerodynamic frequencies involved in the problem. In the present case of a two-dimensional rigid body we have only two eigenfrequencies corresponding to the two eigenmodes (symmetric and antisymmetric) which span the whole space. Therefore, no truncation is needed. The displacement vector can then be decomposed as q = [φ]
T {η}. Since the eigenvectors are orthogonal with respect to both the mass and stiffness matrices, premultiplying the above equation by [φ] T (normalized such that the eigenvectors are orthonormal with respect to the mass matrix) yields a set of equations in generalized coordinates of the form
and ζ i is the modal damping of the i-th mode that has been added to the model. The assumption of the existence of a modal damping parameter supposes that the damping matrix (which is not included in Eq.6) is diagonalized by the appropriate pre-and postmultiplication by [φ] T and [φ]. Following Alonso and Jameson, 5 The structural integrator is based on the decomposition of each of the modal Equations (Eq. ( 7)) into a system of first-order differential equations. Using the transformation
for each of the modal equations, we can rewrite them in matrix form aṡ
wherė
Now, for this system, assume another transformation
is decoupled, i.e. the matrices ([
Then for each mode, the governing equations of motion are
The time derivative operator is now discretized with a second order scheme, the same scheme that is used to discretize the Navier-Stokes equations, and the result is the following set of two difference equations for each mode
which can be integrated to steady-state in pseudotime, in the following form:
American Institute of Aeronautics and Astronautics Paper 2001-0573
and S ji = (z n−1 ji − 4z n ji )/(2∆t) are source terms from the previous iteration levels. Notice that the aeroelastic equations are implicitly coupled to the flow equations since Q i contains both C l and C m . By simultaneously iterating the flow and structural equations with the same pseudo-time approach, this coupling is taken into account. For a given Q n+1 i , the aeroelastic equations can be solved analytically for the new values of z 1i and z 2i . However, a five-stage Runge-Kutta scheme is used in order to provide for the possible future inclusion of non-linearities in the structural model.
Results and Discussion
The same compressor cascade of NACA3506 profiles, that was studied by Carstens and Belz, 6 is used here to investigate non-linear flutter. The profiles are staggered at an angle of 40
• and the pitch-to-chord ratio is 0.71. With an inlet Mach number of 0.9, an exit Mach number of 0.59 and an inlet flow angle of 48.3
• , the flow through the blade passages is transonic. Each profile is allowed to perform a solid body rotation about (x α /c = 0.5, y α /c = 0.02). While the eigenfrequency is fixed at 185Hz, the blade mass ratio is chosen as free parameter to study the effects of non-linear fluid-structure interaction.
Results for inviscid flow are obtained by solving the Euler equations. For viscous flow, the Navier-Stokes equations are solved applying the algebraic turbulence model by Baldwin and Lomax.
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A simultaneous solution of the structure dynamics is obtained by the method described in the previous section. The pressure coefficient C p is plotted over the blade surface. Euler calculations are performed on two different grid resolutions. The result on the coarse grid agrees well with the data obtained on the fine grid. There are significant discrepancies between the viscous and the inviscid pressure distributions, especially concerning the location of the shock on the suction side. Since the blade profile is rather flat and slender, and the shock location is sensitive to the shape of the blade passage, even a small displacement thickness may have significant influence.
The uncoupled method is used in a preliminary study as a basis for comparison with coupled results. Figure 2 shows the damping coefficient Ξ over the inter-blade phase angle for the viscous and inviscid cases. A positive damping coefficient signifies stability, whereas a negative damping coefficient indicates flutter. Using the uncoupled approach, one would assume that the oscillation frequency equals the eigenfrequency of the blade. However, if fluid-structure interactions are significant, the oscillation frequency will deviate from the structural eigenfrequency. Therefore, a second result is included in Figure 2 (dotted lines), where the oscillation frequency was chosen to be half the eigenfrequency. When discussing the results of the coupled method later in this work, it will become clear that all investigated cases exhibit frequencies between 0.5 · ω Eigen and ω Eigen . According to the results of the uncoupled approach at an oscillation frequency of ω Eigen , i.e., disregarding fluid-structure interactions, the cascade is stable in the viscous case and almost neutrally stable in case of inviscid flow. At IBP A = 45
• the inviscid cascade is slightly unstable with Ξ = −3.6 · 10 −4 . The viscous and inviscid solutions for the damping coefficient agree qualitatively but vary in magnitude.
For the least stable IBP A of 45 • , the unsteady Euler result of the coarse grid was found to agree with calculations on the fine grid. Therefore, the coarse grid is chosen for all following inviscid calculations.
The dependence of the flutter behavior on the structural dynamics is investigated by obtaining solutions at varying blade mass ratio. The mass ratio is defined as
where m is the mass of the blade per unit span, ρ ∞ is the free stream density and b the half chord of the blade. This non-dimensional parameter appears in the forcing term of the structural equations and determines the influence of aerodynamic forcing on the blade motion. The larger the mass ratio, the more dominant is the inertia of the blade, and the smaller is the influence by aerodynamic forces. The uncoupled result in Figure 2 can be interpreted as the limit of the damping coefficient for µ → ∞. At very large mass ratio the influence of aerodynamic forcing on the structural behavior is negligible and the uncoupled approach is valid. A blade with a small mass ratio, however, will react in strong accordance to aerodynamic fluctuations.
Calculations are performed on four blade passages, therefore allowing inter-blade phase angles of 0
• , 90
• , 180
• and 270
• . At infinitely large mass ratio, the cascade is stable at those IBP As, as shown in Figure 2 . However, when at lower mass ratios fluidstructure interactions become significant, the blades will not oscillate at their structural eigenfrequencies. Flutter instability at inter-blade phase angles between 0
• and 90
• may be expected. Therefore, now using the coupled approach, we trigger the expected unstable mode by applying initial conditions according to IBP A = 90
• .
Coupled Results by Euler Calculations
Figures 3 through 17 show the deflection history of two adjacent blades for various mass ratios. These results are obtained by Euler calculations on four blade passages. The figures only show the oscillation for one pair of adjacent blades. The other two blades behave in a similar way.
It is obvious from Figure 3 that at a mass ratio of µ = 160 the inviscid cascade is unstable. Qualitatively, this result is confirming the above expectation of destabilizing fluid-structure interaction at low mass ratios. However, it should be noted that the oscillation frequency in Figure 3 is somewhat higher than half the eigenfrequency. For that case, and for an inter-blade phase angle of 90
• , the uncoupled result in Figure 2 predicts flutter stability. Hence, the instability in Figure 3 cannot be explained by the uncoupled method, even when the actual oscillation frequency is known. However, comparison between the uncoupled and coupled methods is difficult in this case, because due to fluid-interaction the oscillation obtained by the coupled method is not purely periodic, while the uncoupled approach imposes a traveling wave mode with constant amplitude. Only at neutral stability, with constant amplitude and frequency, one would expect both results to agree. The results shown in the following figures, however, suggest that this type of neutral stability does not exist with the investigated cascade.
At a mass ratio of µ = 170, the cascade is still unstable but an interesting phenomenon occurs. In a time range of about 8 to 15 eigenperiods in Figure 4 , the odd numbered blades and the even numbered blades do not oscillate about the same mean deflection.
The difference between the motions of neighboring blades becomes clearer at a higher mass ratio µ = 180 in Figure 5 , where curves of running average are shown to emphasize the short-time average displacement. These curves were obtained by filtering out the high flutter frequency. However, the blades still appear to return to the normal behavior of Figure 3 , with an average displacement of 0
• and increasing amplitude. Increasing the mass ratio just a little bit leads to the result shown in Figure 6 . The blades temporarily oscillate around different average deflections (e.g. t/T Eigen ≈ 25 to 35) but then resume to oscillate about a common average (e.g. t/T Eigen ≈ 35 to 45). These two situations are alternating at a frequency ω 1 that is significantly lower than the flutter frequency ω 2 . Both frequencies are apparent in Figure 6 . Figure 7 shows Mach number contours for three different instances in time, marked by vertical dotted lines in Figure 6 . At an early stage (t/T Eigen = 6) there is a shock wave spanning the complete cross section of the lower blade passage, initiating the mode with different deflection levels. In this situation (e.g. t/T Eigen = 9.4 ), the flow is choked in every second blade passage, whereas in the other passages the two supersonic regions at the suction and pressure sides remain separate. After some time (e.g. t/T Eigen = 20.6), the blade motion returns to the original situation with a common average deflection and amplitude and an oscillation following a traveling wave with constant IBP A. Interestingly, this behavior exhibits neutral flutter stability and it remains neutral when the mass ratio is further increased.
Figures 6 through 10 show that the low frequency ω 1 , at which the short-time average deflection is changing, is increasing with µ. This also becomes clear from the Fourier transforms of the deflection history, shown in Figure 11 for mass ratios between 181 and 190. The two dominant frequencies are the low frequency ω 1 and the high frequency ω 2 , both of which are apparent in Figures 6 through 10 . Both frequencies are increasing with the mass ratio, thus approaching the blade eigenfrequency. In the limit of an infinite mass ratio one would expect the blades to oscillate with ω Eigen .
As the low frequency ω 1 increases, the corresponding amplitude decreases. Again, this is obvious from the amplitude of the running averages in Figures 6 through  10 .
At mass ratios above 182 the mode with different average deflections dominates and at µ = 200, in Figure 12 , we identify a limit cycle behavior leading to constant amplitude oscillation at different deflection levels. A further increase of the mass ratio increases the time needed to reach a constant amplitude and also decreases the difference of the deflection levels (Figures 13 through 17) .
The results shown in Figures 15 and 16 almost look steady and the cascade appears to reach flutter stability in Figure 17 . The displacement history in Figure 17 is what we would expect for large mass ratios, knowing the uncoupled result from Figure 2 . However, even at relatively large mass ratios, e.g. Fig.16 , there may be a finite time τ * after which the non-linear effect sets in so that neighboring blades will drift to new mean displacement levels. By separating the displacement levels of neighboring blades and finally causing oscillation, this non-linear effect destabilizes the cascade. Consequently, the uncoupled approach would not apply in this case, even though the mass ratio is relatively high, because the instability does not appear in terms of a linear flutter in traveling wave mode, but is a result of non-linear fluid-structure interaction. Coupled Results by Navier-Stokes Calculations
Everything that was said about the Euler calculations also holds for the viscous solution shown in Figures 18 through 23 . However, with viscous flow, the non-linear effect appears at much lower mass ratios and also in a smaller range of mass ratios than in the case of inviscid flow. In other words, at comparable mass ratio, the viscous solution is more stable then the inviscid one. From the uncoupled results in Figure 2 we would expect the Navier-Stokes solution to be slightly less stable than the Euler solution at an IBP A = 90
• . However, a comparison between uncoupled and coupled results is only meaningful at a point of neutral stability, where the blades oscillate in a traveling wave mode. Due to the non-linear behavior, this type of neutral stability does not exist. The uncoupled method does not account for non-linearity in time, so that it is not surprising that in this case the two different methods do not exactly agree on the point of neutral stability. Figure 24 compares the average displacement of neighboring blades, in the range of mass ratios in which the non-linear effect appears. Viscous and inviscid data agree in a qualitative sense. Starting from the lowest mass ratio at which the displacement level of neighboring blades starts to separate, the difference in displacement level increases as µ is increased. At a certain mass ratio (µ = 144.5 in the viscous case, µ = 220 in the inviscid case) the difference decreases as µ is further increased.
It was mentioned before that there are two frequencies involved, a high oscillation frequency ω 2 and a lower beating frequency ω 1 . Figure 25 illustrates how these frequencies depend on the mass ratio. The higher frequency ω 2 steadily increases, whereas ω 1 exhibits a local maximum at about µ = 142 in the viscous case, and µ = 190 in the inviscid case. When µ is beyond the local maximum, the beating amplitude decreases as µ is increased. At higher mass ratios the beating entirely vanishes and the cascade exhibits a simple limit cycle flutter like in Figures 12 and 22 at the frequency ω 1 . Both frequencies are significantly lower than the blade eigenfrequency. However, as the mass ratio goes to infinity, ω 2 is expected to approach the eigenfrequency. The uncoupled result in Figure 2 implies that the most unstable IBP A is close to 45
• . Therefore, we perform calculations on eight blade passages in order to allow for more unstable conditions than with the above studies on four blades. Figures 26 and 27 show the angular displacements of neighboring blades from Euler calculations at µ = 185 and from NavierStokes calculations at µ = 138. These two mass ratios were chosen for the non-linearity to be at a similar stage in the viscous and inviscid cases (compare the inviscid and viscous solutions on four blade passages in Figures 9 and 20) . Comparison of Figures 26 and 27 with the results on four blade passages ( Fig.9 and Fig.20) shows that the cascade is more unstable at the larger number of blades. The non-linear behavior is still apparent in the solution on eight passages, but the average displacement diverges from zero only over a small initial range of time. This is true for both the viscous and the inviscid case.
Figures 28 and 29 show the history of angular displacement at higher mass ratios calculated on eight passages. For the mass ratios of µ = 300 in the inviscid case and µ = 150 in viscous flow, the solution on four blade passages is stable as seen in Figures 16 and  23 . The inviscid solution on eight passages (Fig.28) , allowing for inter-blade phase angles of 45
• and its multiples, appears to be unstable. The viscous solution in Figure 29 , however, is still stable even on eight blades. In both cases there is qualitative agreement with the uncoupled result for 0.5ω Eigen in Figure 2 , since at low frequency (due to fluid-structure interaction) the most unstable IBP A is 45
• in inviscid flow, but 90
• in viscous flow. Therefore, the inviscid cascade may be expected to be less stable when allowing for IBP A = 45
• , while the stability of the viscous case is already at its minimum at IBP A = 90
• . Of course, the results in Figure 2 do not account for fluidstructure interaction that lead to instabilities through other mechanisms than through the change of oscillation frequency.
Conclusions
A coupled aerodynamics and structural dynamics method for flutter simulation is presented. A compressor cascade of the NACA3506 airfoil with one degree of freedom in pitching around mid-chord in a transonic flow is investigated. Both Euler and Navier-Stokes calculations are performed. Uncoupled calculations by the energy method predict that the blades are stable for IBP A = 90
• . Computations by the coupled method with four blade passages, however, show significant non-linear effects for a range of mass ratios of the blades.
When the mass ratio is small, the cascade is unstable. As the mass ratio increases, the coupled solutions show that the blades may oscillate alternatingly around the nominal design blade angle or a blade angle that is displaced from the design blade angle. The latter corresponds to a flow pattern with alternating choked and unchoked flow in neighboring blade passages. When this happens, the blades appear to oscillate with a major high frequency and a lower beating frequency, both lower than the structural eigenfrequency. Although the blades exhibit this complex non-linear oscillatory behavior, they are neutrally stable. When the mass ratio is further increased, the beating amplitude decreases, and the separation of the displacement of the mean pitch angles of neighboring blades becomes smaller until it vanishes eventually when the mass ratio is very large. At that time, the solution of the coupled approach is in agreement with that by the decoupled energy method. The non-linear behavior is found by both the Euler and Navier-Stokes calculations. However, in case of the Navier-Stokes calculations the non-linearity appears at lower mass ratios and in a smaller range of mass ratios than with Euler calculations. Further investigation of the characteristics, mechanisms, and significance of such phenomena is needed. 
